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Abstract
We show how to decompose a Lagrangian for reducible massless bosonic
Higher Spin modes into the ones describing irreducible (Fronsdal) Higher Spin
modes on a D dimensional AdS space. Using this decomposition we construct
a new Nonabelian cubic interaction vertex for reducible higher spin modes and
two scalars on AdS from the already known vertex which involves irreducible
(Fronsdal) modes.
Higher Spin gauge theories (see [1]–[2] for recent reviews) are usually formulated
either in frame–like [3]–[4] or metric – like [5]–[20] approaches.
Recently several interesting cubic vertexes have been constructed in the metric
– like approach [8], [9] [10], [11]. Bearing in mind a possible application of the
reducible Higher Spin modes (described by the so called “triplet” [20] ) for String
Theory [21]–[22] and for AdS/CFT correspondence [23] we consider the problem
of cubic interaction of a triplet on AdS space. In particular we study the cubic
interaction of a triplet with two scalar fields.
The main result of this paper is twofold. Firstly, we show that the procedure de-
rived in [17] to decompose the free Lagrangian for reducible massless bosonic Higher
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1
Spin modes in a flat space time works for an arbitrary dimensional AdS space as
well. The second and more important result is that after this decomposition one can
use the cubic vertex§ of [16], which describes an interaction of irreducible (Fronsdal)
Higher Spin modes with two scalars, to obtain an interaction vertex for reducible
Higher Spin modes with two scalars. Obviously this technique can be applied not
only for a particular vertex given in [16], but for construction of more complicated
interaction vertexes in AdS following a method given in [14]. The advantage of this
approach is that a construction of interaction vertexes for triplets in AdS is often
technically complicated due to repeated commutators between covariant derivatives
and the double tracelessness condition for irreducible Higher Spin modes makes the
problem at hand considerably simpler.
Let us start from a free Lagrangian describing the propagation of reducible mass-
less Higher Spin modes on a D dimensional AdS space. It contains a field ϕµ1,...,µs(x)
of the rank s, a field Cµ1,...,µs−1(x) of rank s − 1 and a field Dµ1,...,µs−2(x) of a rank
s− 2 and has the form [13] (see also [2] for the details of the construction),
L = −
1
2
(∇µϕ)
2 + s∇ · ϕC + s(s− 1)∇ · C D +
s(s− 1)
2
(∇µD)
2
−
s
2
C2
+
s(s− 1)
2L2
(ϕ
′
)
2
−
s(s− 1)(s− 2)(s− 3)
2L2
(D
′
)
2
−
4s(s− 1)
L2
Dϕ
′
−
1
2L2
[(s− 2)(D + s− 3) − s]ϕ2 +
s(s− 1)
2L2
[s(D + s− 2) + 6] D2, (1)
The symbol ∇· means divergence, while ∇ is symmetrized action of ∇µ on a tensor.
The symbol ′ means that we take the trace of a field. Multiplication of a tensor by
the metric g implies symmetrized multiplication, i.e., if A is a vector Aµ we have
gA = g(µνAρ) = gµνAρ+gµρAν+gνρAµ. This Lagrangian is invariant under the gauge
transformations with parameter Λµ1,...,µs−1(x)
δϕ = ∇Λ ,
δC = ✷ Λ +
(s− 1)(3− s−D)
L2
Λ +
2
L2
g Λ′
δD = ∇ · Λ . (2)
Let us note that the field C(x) has no kinetic term and can be eliminated via its
own equations of motion to obtain
L = −
1
2
(∇µϕ)
2 +
s
2
(∇ · ϕ)2 + s(s− 1)∇ · ∇ · ϕD
+ s(s− 1) (∇µD)
2 +
s(s− 1)(s− 2)
2
(∇ ·D)2 (3)
§Let us point out that the method given in [14] describes construction of nonabelian cubic
interaction vertexes, see also [16] for some explicit nonabelian examples. A particular example
of an abelian vertex given in [15] is in some sense a “degenerate” solution of the method, where
however the abelian property is maintained in a nontrivial way, due to the structure of the ghost
terms.
2
+
s(s− 1)
2L2
(ϕ
′
)
2
−
s(s− 1)(s− 2)(s− 3)
2L2
(D
′
)
2
−
4s(s− 1)
L2
Dϕ
′
−
1
2L2
[(s− 2)(D + s− 3) − s]ϕ2 +
s(s− 1)
2L2
[s(D + s− 2) + 6] D2.
Now we would like to decompose this Lagrangian in terms of irreducible (Fronsdal)
[6] modes, following the procedure given in [17] for a Minkowski space.
Let us start with the simplest example of a s = 2 triplet which contains fields
ϕµν(x), Cµ(x) and D(x). Let us make the ansatz
ϕµν = Ψµν +
1
D − 2
gµνΨ, ϕ
′
− 2D = Ψ. (4)
Inserting these expressions back to the Lagrangian (3) for s = 2 one obtains
L = −
1
2
(∇µΨρσ)
2 + (∇νΨ
ν
µ)
2 +Ψ
′
∇µ∂νΨ
µν +
1
2
(∇µΨ
′
)2 −
1
2(D − 2)
(∇µΨ)
2
+
1
L2
(Ψµν)
2 +
D − 3
L2(D − 2)
(Ψ)2 +
D − 3
2L2
(Ψ
′
)
2
(5)
Therefore, the initial Lagrangian (3) has been decomposed into a sum of two Fronsdal
Lagrangians for s = 2 field Ψµν with the gauge transformation law δΨµν = ∇µΛν +
∇µΛν and a gauge invariant scalar Ψ.
Let us describe this procedure for the spin 4 triplet, since in this case both a
constraint on the parameter of gauge transformations and an off–shell constraint on
the gauge field arise. Let us use the substitution [17]
ϕ(4) = Ψ(4) +
1
D + 2
gΨ(2) +
1
D(D − 2)
(g)2Ψ(0)
D =
1
2
[Ψ′
(4)
+
2
D + 2
Ψ(2) +
1
D + 2
gΨ′
(2)
+
2
D(D − 2)
gΨ(0)]. (6)
The field Ψ(4) is doubly traceless and transforms under the gauge transformations as
δΨ(4) = ∇Λ˜, Λ˜ = Λ−
1
D + 2
ηΛ′ (7)
Inserting these expressions into the Lagrangian (3) one can see again that it decom-
poses into the sum of Fronsdal modes with spins 4, 2 and 0, described by the fields
Ψ(4),Ψ(2) and Ψ(0).
One can further generalize this procedure for an arbitrary spin. In particular take
ϕ =
[ s
2
]∑
k=0
ρ˜k(D, s)(g)
kΨ(s−2k)
D =
1
2
[ s
2
]−1∑
k=0
ρ˜k(D, s)(g)
kΨ
′(s−2k) +
[ s
2
]∑
k=1
ρ˜k(D, s)(g)
k−1Ψ(s−2k). (8)
3
and
Λ˜s−1−2k =
[ s
2
]∑
q=0
ρq(D, s− 2k − 1)(g)
qΛ[q+k](s−1) (9)
with
ρq(D − 2, s) =
(−1)q(D + 2(s− q − 3))!!
(D + 2(s− 3))!!
, ρ˜k(D, s) =
(D + 2(s− 2k − 2))!!
(D + 2(s− k − 2))!!
(10)
and [q+k] denotes a number of traces. Finally, one can show that the normalization
factor for propagators for each of individual Fronsdal mode i.e., the inverse of the
prefactor of (∇µΨ
(s−2k))2 terms multiplied by 2 is
Q(s, k,D) =
2kk!(s− 2k)!
s!ρ˜k(D, s)
. (11)
Now let us build a cubic interaction vertex of a Higher Spin triplet with two scalars
on AdS. To this end let us use the corresponding vertex for an individual Fronsdal
mode [16]
L
00s
int = Ψ
(s)
· Js + [
s− 1
6L2
[2s2 + (3D − 4)s− 6]−
s− 2
L2
]Ψ
′(s)
· Js−2 (12)
where
J
1;2
s−2q =
s−2q∑
r=0
Crs−2q(−1)
r(∇µ1 . . .∇µrφ1) (∇
µr+1 . . .∇µs−2qφ2) (13)
Therefore multiplying interacting vertexes (12) with the appropriate factor (11) and
adding them to the free Lagrangian (3), one finds the expression for a cubic La-
grangian describing the interaction of reducible Higher Spin modes with two scalars
on AdS. After that one can perform a current- current exchange procedure following
the lines of [18], [19], [17].
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